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Abstract 



A kappa-symmetric action for coincident D-branes is presented. It is valid in the approximation that 
the additional fermionic variables, used to incorporate the non-abelian degrees of freedom, are treated 
classically. The action is written as a Bernstein-Leites integral on the supermanifold obtained from the 
bosonic worldvolume by adjoining the extra fermions. The integrand is a very simple extension of the 
usual Green-Schwarz action for a single brane; all symmetries, except for kappa, are manifest, and the 
proof of kappa-symmetry is very similar to the abelian case. 
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1 Introduction 

The dynamics of a set of coincident D-branes is an intriguing problem in string theory. It involves a non- 
abelian version of Dirac-Born-Infeld theory as well as non-commutative geometrical ideas. There have 
been many papers written on the topic from various points of view, although a completely satisfactory 
theory has not emerged as yet. In this paper, we follow up an approach developed in two previous papers 
[1, 2] in which we made use of the idea that the Chan-Paton factors for open strings can be described 
mathematically by boundary fermions living at the ends of the string [3, 4, 5, 6]. In our first paper 
we looked at what happens when one demands kappa-symmetry for an open superstring with boundary 
fermions and found that it implies that the dynamics of the brane on which the string ends is described 
by a generalised superembedding, where the super worldvolume of the brane is extended by a set of 
additional odd coordinates corresponding to the boundary fermions. There is an abelian gauge field on 
this space which gives rise to a non-abelian one when expanded out in the additional fermi coordinates. 
The requirement of kappa-symmetry leads to constraints on the superembedding and the gauge field 
strength which generalise those for a single brane [7, 8] and which imply the equations of motion for the 
brane system. In the second paper, we presented an action for a bosonic brane with additional fermi 
variables and showed that it is invariant under diffeomorphisms of the extended worldvolume and under 
gauge transformations of the target space RR potentials. We also showed how one could derive the Myers 
action [9, 10, 11] by first going to the physical gauge, quantising the fermions naively, thereby converting 
functions of fermions into matrices, and by replacing the fermi integral with the symmetrised trace. The 
current paper can be thought of as a synthesis of the previous two in that here we discuss an action for 
supersymmetric coincident branes, again in the approximation of classical additional fermi variables. We 
write this action as a Bcrnstein-Leites integral [12] over the extension of the bosonic worldvolume, Mq. 
This formalism seems to be perfectly suited to thisjaroblem and allows us to write down an action which 
is manifestly invariant under diffeomorphisms of Mq and under symmetries of the target space, unlike 
our previous action for bosonic branes. It is also straightforward to prove that it is kappa-symmetric. 
Indeed, the action is a very natural generalisation of the usual Green-Schwarz action for a single D-brane 
and gives a very nice a posteriori justification for the Myers action. A preliminary version of the proof 
of kappa-symmetry given here, based on our old formalism, was given in [13]. 

The paper is organised as follows: in section 2 we review some results from the superembedding formalism 
which we shall need for our proof of kappa-symmetry; in section 3 we present the Dirac-Born-Infeld and 
Wess-Zumino parts of the action as Bcrnstein-Leites integrals and in section 4 we prove that the sum 
of these two terms is kappa-symmetric. We summarise our results in section 5 and discuss how our 
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formalism might be developed further and how it relates to various other approaches in the literature. 



2 The geometrical framework 



As discussed in [1] the geometry of coincident superbranes, in the approximation of treating the boundary 
fermions classically, is described by a generalised superembedding f : M — > M from the extended 
superworldvolume M to the target superspace which we shall take to be that of on-shell IIB supergravity 
in this paper. This is a generalisation of the usual superembedding formalism for single_branes. The 
Green-Schwarz action for the dynamics of this system will be given as an integral over Mo, where Mq 
(coordinates x m ) is the body of the super worldvolumc M (coordinates z M — (x m ,9^)). The spaces 

M (coordinates x m = (x m ,^)) and M (coordinates z M = (z M ,^)) are obtained from M and M by 
adjoining a set of q additional fcrmionic variables ^ which arise from boundary fermions on the string. 1 
The various worldvolume spaces are related as follows: 



M -> M 

T ± (2.1) 

M -> M 

where horizontal arrows indicate extension with additional fcrmionic variables £ M representing the bound- 
ary fermions, and vertical arrows indicate addition of supcrsymmetry, i.e., adding 6^. The corresponding 
diagram for the coordinates is 

(z M ) = (x m , 6») -► (z M , = (x m , 9», 

T T (2.2) 

(x m ) -f (z M ) = (x m ,^) 

All of the above spaces, as well as the target superspace, are equipped with preferred bases in the tangent 
spaces which will be denoted by letters from the beginning of the alphabet; thus the preferred basis forms 
on M are = {E a ,E a ,E dl ), while those of M are denoted E± = (E^,E^). To avoid confusion we 
shall use small letters for the bases of M and M ; thus the preferred basis forms of the latter space are 
denoted e " = (e a ,e A ). 

The geometry of the tangent bundle of M is chosen such that it splits invariantly into three corresponding 
to the three types of indices. Thus the structure group has the usual superspace type (spin group times 
internal symmetry group) in the (E a ,E a ) sector while it is taken to be SO(q) in the E a sector, where 
q is the number of boundary fermions. We introduce connections (SI) and covariant derivatives (V) and 
define the torsion (T) and curvature forms (R) in the usual way. In addition there is an abelian gauge 
field A with corresponding field strength K defined by 



K:=dA- f*B (2.3) 

where B is the Neveu-Schwarz two-form potential on M. The geometry of M is determined by the 
superembedding. The derivative of / is the superembedding matrix E^- defined by 

E^:=E^d^EM A . (2.4) 

where Em A 1 Ea m denotes the supervielbcin and its inverse. We shall use two real fermions of the 
same chirality to describe the odd coordinates of M; accordingly, the preferred basis forms are written 
E— = (E al , E a2 ). We now impose the following constraints on the superembedding matrix: 



1 There is a slight change of notation compared to our previous papers; the boundary fermions are denoted ^ instead of 
rf" . Hatted indices indicate standard ones extended by these fermions. 
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Ej- = £?„- = «„- 

E/ 1 = Ej 2 = h a ^t h ^ (2.5) 

where is an element of Spin(l, 9) with corresponding Lorentz group element (u a —, u a >-). In fact, the 
primed indices denote indices normal to M in M, but note that there are no primed dotted indices. The 
primed spinor indices are no different to the unprimed ones as far as representations of the spin group 
are concerned and there is no need to distinguish them. The above constraints are the direct analogies 
of the abelian ones; the main one is the first, E a — = 0, since the others correspond to choices. The field 
hoP is related to the field strength of the gauge field, while h a 7 is essentially the bosonic derivative on 
the brane of the transverse fermions. In addition we choose 

E & - = h a c 'u c £; E a 01 = 0; E a 02 = h^'uy 13 . (2.6) 

The fields ha a and h a a can be thought of as the derivatives of the transverse bosons and fermions 
respectively with respect to the boundary fermion variables. There are also constraints on the gauge field 
strength tensor K. These are: 



K A i 



K a b J~ a b 
K aB =0 



K AB = 

K a p = 5.0 (2-7) 

The first of equations (2.7) is a direct generalisation of the abelian gauge field constraint for a single 
brane [14] while the others have the effect of excluding unphysical degrees of freedom. The requirement 
that be non-singular is necessary in order that the abelian field strength should be equivalent to 
a non-abelian gauge-field (on M) when expanded in powers of £. Equation (2.7) can be written more 
succinctly as 

K=l + F 1 (2.8) 

where 

T := \E h E a T ah , (2.9) 
and where X is the unit two-form in the dotted sector, 

J := Ie?E% $ . (2.10) 
The details of the induced geometry on M are determined from the torsion equation, 

2V [A%]- + T AB dE C~ = (-1) (S+ ^^V T ^- ' (2- 11 ) 

and from the Bianchi identity for K, 
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^[A K BC] + ST [AB DK \D\C] ~ H ABC 



■- - (- 1) (B+B)A (_ 1 ) (C+C)(A+B) e^E^-E^-Habc ■ (2.12) 



In (2.12) the vertical bars indicate that the enclosed index is excluded from the graded antisymmetrisation. 

In order to solve these equations we need to specify the constraints on the IIB target space geometry 
[15]. In the string frame we may take 



H = - l -E^E a \a% 3 { lL ) aP + ^E c -E b -E^H^. (2.13) 

Here i = 1, 2 is a Spin(2) index and c 3 is the third Pauli matrix. There are other constraints which we 
shall not need, although, as shown in [16], the equations of motion of IIB supergravity follow from the 
standard constraint on the dimension zero torsion. 

In order to discuss the Wess-Zumino term in the action we shall also need the RR field strengths, 

G (2n+l) j n = 5^ which are given by [ 17; 18 ] 

G (2n+1) = ie-*E 02 E al (^ 2n -^) a0 - (£ al (7 (2n) V 2 <£)a - (-l) n E a2 Vi^) a ) 

+ 7 — —E- 2 "+ 1 . . . E-^G a a , (2.14) 

(2n+l)! 2 1 -2 an+1 ' v i 

where 

7 (r) :=^-..J^7- 1 ...a r ■ (2-15) 

2.1 The field 

Using the constraints K & b = = in the (a(3C) component of the K Bianchi identity (2.12) we find 

T af °K £e = -H a ^. (2.16) 

Using the form of the generalised superembedding matrix (2.5) in the (a/3)--componcnt of the torsion 
equation, (2.11), we have 

T a p c E c ^ + T aS ?Ef = -i^ c - + h^h T ) af3 . (2.17) 
The projections along the wordvolume and normal directions respectively give 

V = -i{l a + hrh T ) afj (2.18) 

and 

- - J ( 7 Q ' + hj a 'h T ) aP . (2.19) 
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These two equations, together with (2.16), give 

z( 7 d + hj d h T ) af3 F dc = H af3c (2.20) 

and 

Ha^hf' = *(7 a ' + hj a 'h T ) a p . (2.21) 
The (a(3C) component of the pull-back of H, from (2.13), is 

H apd = -iE^{j. - h l£ h T ) a p , (2.22) 

so that the equations for h become 

Fabh b + h'-f b h T ) a0 = (7„ - h-f a h T ) al3 
h/5^hi b '(i b ,-h lb ,h T ) a p = ( 7 a ' + hj a 'h T ) a p . (2.23) 

Defining the antisymmetric matrix 

M a'b' ._ § <*0 h y h .b' (2.24) 

and rearranging we get 

hrh T = 7 c ((l-^)" 1 )c b (l+^) a 

/i 7 a V = - 7 c '((l-M)- 1 ) c h (l + M) b a . (2.25) 
The solution to these equations can be written as 

h = h||/ij_7( p+ i) , (2.26) 

where 

7( P+ i) = Jffjy £ «°-^ a °'" ap ( 2 - 27 ) 

and where hu and hj_ are spin transformations corresponding to the Lorentz and orthogonal transforma- 
tions 

L a b = ((l-^)- 1 (l + ^)) a b eSO(l, P ) 
L a > b ' = ((1 — M)~ x (l + M)) a / b ' G 50(9 — p) , (2.28) 

which are written in the so-called Cayley parametrisation. They are given by [19] 
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h± = 1 = M ( -M a ' b '- /a , b ,) , (2.29) 

Vdet (1 + M) \2 Ub ) 1 K 1 

where the "antisymmetrised exponential" is defined by 

M(X abl ah ) := ' ' ' X anbnl a ^- a - h - . (2.30) 

ra=0 

It is not hard to show that h can also be expressed as 

h = 1 = V J—,K~~ ■K-- T^-^i^+n , (2.31) 

V-sdet fa + K) ^ 2™n! »»*» ' ,(p+1) 1 7 

where 7~ := Er^j a and where the superdeterminant is taken over the subspace spanned by (E a 1 E a ). 
Note that a indices are raised and lowered by means of 5 &/ j and not by 77^ where ry is the metric induced 
from the bosonic target space metric, 

rft^EfEfo*. (2.32) 

Since E a - = this metric is the non- vanishing part of the pull-back of r\ab onto the whole of the tangent 
space of M. 

For future use we note that the gamma-matrix structure of h and (h T )^ 1 is 

h „ 7 2 "V 2 '7( P+ i) 
(h*)- 1 ~ -EfYVi). (2-33) 

where 7' denotes matrices with primed indices and where, in the second line, the tilde denotes the index 
structure is (7) Q /3- In general we shall not distinguish the two types of gamma matrix except where it is 
useful for clarity. 

2.2 Some useful torsion components 

We record here some components of the torsion tensor which will be used in the proof of kappa-symmetry. 
For completeness we reproduce (2.18): 

V = -i( 7 a + h 7 a h T ) a0 . (2.34) 
From the (af3j) component of the K Bianchi identity we find 



T a p~ f = iE^-(jc - hjch T ) a f3 
= - h-f^h T ) a p . 



(2.35) 
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Using the (ab)- component of the torsion equation projected along the worldvolume we find 

T ab c = ihS(rf)rth b e := i(h 7 c h b ) a • (2.36) 

The other relevant dimension one-half torsion can be found from the (a/37) component of the K Bianchi 
identity (2.12); it is 

T ah = -lE^h^i^h^ := -i(/i 7 (^7))« > ( 2 - 37 ) 

where we have used a choice of connection to set — 0. We shall also need the fermionic derivatives 

of T bc and r\^. The former can be found from the (abc) component of the K Bianchi identity together 
with (2.36), 

V a T bc = 2i(hj d h [b ) a (r) c]d + T c]d ) , (2.38) 

while the latter can be computed using the definition of rj^ and the (a/3)- component of the torsion 
equation, along with (2.37) which allow one to find V a E^-. A short calculation yields 

V a ^ = i(l + »?)/(>»7|i|M« - i(l - rt)^{h^) a . (2.39) 



3 The action 



In [2] we presented the Dirac-Born-Infeld and Wess-Zumino terms in the action for a set of coincident 
bosonic branes in terms of standard superspace integrals over the supermanifold Mo. However, it turns 
out that the superspace integration formalism of Bernstein and Leites is much more suitable for this task 
[12]. Bernstein-Leites integration has been used previously in a string theory context; see, for example, 
[20, 21]. The idea is that, instead of integrating over M , one should integrate over HTM where II 
denotes Grassmann parity flip in the fibres of the tangent bundle TMq. That is, one integrates over (x, £) 
and (dx, d£) where dt; (dx) are regarded as even (odd) variables. The integrands are pseudo-differential 
forms, that is, inhomogeneous forms which can involve arbitrary functions of the even variables. The 
integral over dx is given by the standard Berezin rules and therefore projects out the top form in dx, while 
the integral over d£ is a formal version of a standard integral. In the D-brane case it turns out that this 
part of the integration is Gaussian and easily computed. As we shall see it gives rise to the contraction of 
forms with the matrix commutator of the non-abelian transverse coordinates which appears in the Myers 
WZ term. 

The basic integration formula we shall need is the following: let y r be a set of q real commuting variables 
and A a real, symmetric, invertible q x q matrix, and let P(y) be a polynomial in y, then 



J dy e-h T ^v P{y) = e ^ P{ y)\ y=0 , (3.1) 

where %a denotes the differential operator A rs d r d 8 and where we have absorbed the square root of the 
determinant of A and factors of tt into the normalisation of the integral. In particular, if A is the unit 
matrix and P is homogeneous of degree 2n, 



(2n)! 



P v ri 



■V 



(3.2) 



this formula picks out the multi-trace of P, given by 
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J dye-^ T yp(y) = . . . 5^~^ P r . 



' 5 ri - r2 "P ri ...r 2n (3.3) 



2 n nl 



The action will take the form of a Bernstein-Leites integral on M of a pseudo-differential form on the 
same space. However, in the supersymmetric context it is more convenient to think of the action as a 
pseudo-form on M, bearing in mind that it is to be pulled back to M before evaluation of the integral. 
If we regard Mq as being embedded in M then E a and E a will pull back to e a and e a respectively while 
E a pulls back to both of them, 

E a -» e a e a a + e 6l e 6t a on M • (3.4) 

3.1 The DBI term 

The Dirac-Born-Infcld pseudo-form is 

Ldbi = e~ x e~*£( p+1) £ (3.5) 
where £( P +i) is the bosonic volume form, 

£(p+i) = jfny Eap+1 --- Eai£ai - a * +i ' (3 ' 6) 

and where L is the Dirac-Born-Infcld function, 



L := v /-sdet(r 7 + K) . (3.7) 
The superdeterminant here is understood to be over the subspace spanned by E a , 

sdet(77 + K) = det (r? ab + T ab )det ^{S^ + t]^) . (3.8) 
It is trivial to carry out the integration over dx and d£; we find 



J DxD£D(dx)D(d{) Ldbi = J DxD£,D{e a ) D{e Al ) sdcteL DB i 

= J dxd£ sdet e e -0 ^-sdet (77 + K) , 



(3.9) 



where the final expression is a standard integral over Mq. It agrees with the one given in [2], except for 
the dilaton factor which was omitted there. 

3.2 The Wess-Zumino term 

The Wess-Zumino pseudo-form is given by 

L wz := e - K C (3.10) 
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where C is the sum of the RR potentials pulled back to M. Notice that we do not have to project out a 
particular form component as the integral takes care of this. 

When we pull-back Lwz to M it will give rise to a pseudo-form of the type e~ x uj where lu has (p + 1) 
even indices and 2n odd indices (since any other terms would integrate to zero). We therefore have to 
evaluate integrals of the form J Dx D£ D(e a ) D(e a ) sdet e e~ x w p+ i^n- The integrations over e a and e a 
are easily done and we get 

f DxD£D(e a ) D^) sdet ee' 1 ^^ = - / dx d(, sdet e e ai - a " +1 (e^'J) , (3.11) 

J J ^ / a 1 ...a p+1 

where 

(i«wo,2n)d,...d 2 „ == 5 dld2 Wd 1 ...d 2n • (3.12) 
The Wess-Zumino part of the action is therefore given by 

[ DxD^D{e a )D{e 6t )sdeteL wz = - f dx d£ sdet e £ ^- a ^ (e^e^c) . (3.13) 

J J ^ J a-i...a p+1 

This is our final expression; it is similar to that given in [2] except that it is written in a frame basis rather 
than a coordinate one. As such it is manifestly covariant with respect to diffeomorphisms of M whereas 
it took some work to show that the coordinate version has this property. A proof of the equivalence of 
the two is given in [13]. It is easy to see how the terms involving higher rank forms appear, however. For 
example, consider a (p + 1, 2)-form lo of the type appearing in the integrand of (3.13). If we consider w 
as a form on M pulled back from M_ we have 

(p+ 1)1 oi...o p+ ia/3 

= JffJy Eap+1 ■ ■ ■ E ai M b ' c 'u b , b -u c ,<kj ai ... ap+lb _ £ . (3.14) 

We can think of M a b as being essentially the Poisson bracket of the transverse coordinates which will 
become the commutator after quantisation. In this way we see that the Myers interactions in the WZ 
term arise very naturally. 



4 Kappa-symmetry 

One approach to kappa-symmetry for single branes is to note that both the DBI and WZ terms can be 
obtained from a closed (p + 2)-form W := {e~- F G) p+ 2, where G denotes the sum of the RR field strengths, 
on the super worldvolume M. It is obvious that W = dLwz, where Lwz = (e~- F C) p+ i for a single brane, 
and it can be shown by cohomological methods that W is exact, in fact that W — — dLjjBi- It therefore 
follows that 



C := L DBI + L wz (4.1) 

is a closed (p + l)-form on M. One can therefore use "ectoplasmic" integration [22] to obtain an action 
which will be invariant under local (i.e. kappa) supersymmetry [23, 24]; this is given by 



/ 



e mi - m ^C mi ... mp+1 (x,e = 0) , (4.2) 
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where the integral is taken over Mo, the bosonic worldvolume of the brane. If we now make a supersym- 
metry transformation on M, i.e. an odd diffeomorphism with parameter k°, we find 



SC = i K d£ + d{i K C) = d{i K £) . (4.3) 

Evaluating (4.3) at 8 = and applying it in the variation of (4.2) we get the desired result. Kappa- 
symmetry is essentially local supersymmetry on the super worldvolume; the usual kappa parameter is 
defined by 



k— = K a E a ^ (4.4) 

evaluated at 9 = 0. 

This construction can be extended to the non-abelian case in a more or less straightforward manner. We 
shall show directly that 

—dL dbi - W = e~ K G (4.5) 

where the modified equals sign indicates equality up to terms that vanish in the Bernstein-Leites integral. 
Since the generalisation of the "ectoplasm" construction is straightforward, establishing (4.5) will be 
sufficient to prove kappa-symmetry. Note that the kappa-symmetry parameter in this case will depend 
on £ as well as x; in this sense we have non-abelian kappa-symmetry as well. In fact, we need only 
consider terms with at least one factor of E a since such a factor is needed to contract with k. 

We begin by evaluating dLoBi- We have 

d£( p +i) = — ] E ap ...E ai T c e cai ...a p 

^E a - ...E^(\E^E a T aP c + E b E a T ab c )e cai ... ap , (4.6) 

where in this equation, and for the rest of this section, the ~ sign indicates equality up to terms that 
either integrate to zero or which do not have at least one factor of E a . Making use of (2.34) and (2.36) 
we obtain 

de {p+l) ~ —e^E^ih-Y + h 7 a )h T U + *£( P+ i)£"(^a) Q , (4-7) 

where 

e a ~-,E b » ...E b 'e abl ... bp (4.8) 
pi 

Let us now consider the derivative of the e~ x factor. It is easy to see that 



dl = E^T^ 

~ ^E^E a T a ^ + E^E0E a T ah , (4.9) 

where the other terms in T 7 have been dropped because they will not contribute to the integral of 
i K dLDBi- (We remind the reader that dotted indices are raised or lowered using 5 a P or <5 &/ j.) Using the 
expressions for the torsion is (2.35) and (2.37) we find 
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dl ~ ^E">E f! E a [{^{h- 1 ) T - h^)h T ] a0 - iE Al E f) E a {h 1 ^h i} ) a . (4.10) 

When we integrate over E a the second term will give rise to a contraction between the $ and 7 indices 
in the last factor, so that we can replace (4.10) by 

dl ~ '-E^Ef'E^ih^f - h^)h T ] afi - iE a (h^hp) a . (4.11) 
We also need to evaluate the derivative of Lq. We have 

dL ~ ±L £ Q (((f, + T)- 1 )^^ - ((1 + r?)" 1 )^^.) . (4.12) 
With the aid of (2.38) and (2.39) we obtain 

(fa + ^"^VcFbc = 2 (-(^a) Q + (h la h b ) a L ba ) , (4.13) 

where L a b is given in (2.28), as well as 

((1 + vr^VaVfr = * {{hl%) a - (h 7 ph^) a ) , (4.14) 

where 

£/:=(l+»?)^((l-»/)-V- ( 4 - 15 ) 
This L is an element of SO(q), where q is the number of fermions. Since 

h la h T = j b L ba (4.16) 

we have 

h la L ba = ~i\h- x f . (4.17) 

We can also show that 

h^L^ = -^(h-y (4.18) 

This can be seen as follows: we have 



hjah T = ha a h-f a ih T 

= -ha a 7 & Lb>a> 

= -/WV'[(1 + M)(1-M)-V, . (4.19) 



On the other hand 



h & a 'M a , b , = h & a 'h $a ,5^hy V 

= ria% v . (4.20) 
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It is then a short step to verify (4.18). 

Combining all the above results and taking into account the dilaton factor in Lbbi wc finally arrive at 



dL DBI ~ \h DBI E a (-2V Q + i{(hj a h a ) a + r y a (h~ 1 ) T h a ) a ] + i[{h 1 & h & ) a - { 1 & {h- 1 ) T h & ) a ]) 

- l - e -<t>e- I L EPE a (e [(7> _1 ) T + h-f)h T ] a0 + Hp+^^^'T ~ hla)h T ] a p) ■ 

(4.21) 

We now turn to the Wess-Zumino form. We begin by proving that 

e -*e- K Y,l (2n) --LDBih (4.22) 

Consider the terms in the LHS of (4.22) which involve T m and which have (p + 1) factors of E a . If we 
set n = k + I, where 2m + 2k = p + 1, then we get terms of the form 

"*S> 2m • • • E^ ai ... a2m ) (J^Efi» . . . (-^ • • • ^7,,.^) , (4.23) 

where 

J~ ai ...a 2m := J~[a 1 a 2 ■ ■ ■ J~a 2m -ia 2m ] ■ (4.24) 

Using 

E a p+1 . . = _ £ oi...a p+ i £(p+i) ( 4 25) 

and the duality relation 

7 °— 7( P+ i) = ^^y j £ ai --- ap+1 7a 2m+1 ...a P+1 (4.26) 
we find that the first two factors in (4.23) give 

- £ ( P +i)^7 ai - a2m ^,..a 2m 7( P+ i) • (4-27) 

When we integrate the third factor in (4.23) over E a , taking into account the presence of e~ x in W, we 
find 



/ D(E & )e- I -^E^...E & ^ &1 ... &2l = ±5^...5> 



oia 2 X Q 2i-lQ!2i„,. 

Icei. 



= 2^7° 1 -°»M al ... oii , (4.28) 

where 

M a[ .. Ki :=M [a , ia , 2 ...M <i _ ia , 2i] . (4.29) 
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Putting all this together, summing over all terms of the type of (4.23) and recalling the series expression 
for h we indeed find (4.22). When the first index on 7(2™) is a superscript, a similar calculation yields 

e~*e- K ]T 7 (2n) * L DBI (h-Y . (4.30) 

We can now show that the terms involving in W sum up to give the corresponding term in —cLLdbi- 
The relevant term in W is 

-e^e- K (E al (^V 2 (j>)a - (-l)T 2 ( 7 < 2 "'Vi^) ~ 

-e-*e- K E a (( 7 (2n) V 2 ^) Q - (-l)"(/i7 (2n) V^) Q ) . (4.31) 

Using the facts that 

(-l)"( 7 (2n) )a /3 - (7 (2 " ) ) /? a , (4-32) 

and V„ = E a —\7a_ together with (4.22) and (4.30) we indeed see that this term gives LDBiE a V ' a <\> as 
required. 

The remaining terms in W we need to consider, when pulled back to M, have the form 

ie^e- K E a (E~*h/ + E c h/ + SU/) (7 (2 ™" 1) ) Q/3 . (4.33) 
The easiest term to deal with is the one involving h a ^ . We have 

£a 7 (2„-l) = _l[ 7 )/y (2n)] _ (4 34) 

Using this, (4.22) and (4.30), we easily find that these terms give 

^W((ft7°^)a + (7> _1 ) T /la)a) , (4-35) 

which is what we needed to show. Now consider the term involving . We shall compute this directly. 
The terms that involve T m will require 2k factors of E a from ^( 2n_1 ), where 2m + 2k = p+ 1, as well as 
an odd number, say 21 + 1, of E a terms. The E a contribution is the same as (4.27). The E a contribution 
comes from terms of the form 

1 E^...E^ &1 ... &2l+1 h &2l J . (4.36) 



(2J + 1) 
After integration this gives 

1 fAi...A 2 j.,. . • t)^^h -ft (4-^7) 

2^,° lai...a 2 n° n s ■ K*- 01 ) 

Writing 7 d 1 ...<i 2i ' 5 = ^{lai...a 2 i i 7 5 }j using the multi-trace to convert the dotted indices to primed vector 
indices, and summing all such contributions we find 

- l -L DBI E a ({h^haU - (rih-Yha)*) (4.38) 
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which matches minus the third term in the first line of (4.21). Finally, we need to examine the terms 

with E a E t3 . Since E 13 pulls back to both e b and e 13 there are two contributions; the former will require 
an odd number of factors of E a to be selected from ^f 2 "" 1 ) while the latter will require an even number. 
In both cases the calculations are very similar to the ones we have already done. The term with an odd 
number of E a s will give rise to a total of p of them when combined with the T terms and thus gives rise 
to a factor e a . It is not difficult to verify that it gives precisely minus the first term on the second line of 
(4.21). The other term is also easily calculated. It gives 

l -L DBI E a e^{(r(h-T-hr)h T ) a0 . (4.39) 
This should match minus the second term on the second line of (4.21). This is 

l -L DBI E<*E?E« {{ 1& {h^) T -h 1& )h T ) a() . (4.40) 

In this expression we may replace E@ by e^e^ , and then the integral over D(e a ) forces a contraction 
between the 7 and a indices. Thus we obtain (4.39). 

This completes the proof that i K W ~ —indLuBi and shows that the action J (Ljjbi + L\yz) is indeed 
kappa-symmetric. 

5 Discussion 

In this paper we have constructed an action for coincident D-branes using the boundary fermion formalism 
in the classical approximation. As we argued in our previous papers, naive quantisation of the fermions 
after going to the physical gauge leads to the Myers action (in the bosonic sector) with the integral 
over the fermions replaced by the symmetrised trace. Myers started from the non-abelian generalisation 
of Born-Infeld [25, 26] and deduced the form of the scalar terms, in the physical gauge, by demanding 
T-duality. He also used T-duality as a guiding principle for his construction of the WZ term. Similar 
results were independently derived from matrix model considerations [10, 11]. It is known, however, that 
this action and its supersymmetric generalisation proposed here, is not the full story; see, for example 
[27, 28] . There have been various attempts to derive these corrections systematically, including the stable 
bundle approach [29], direct attempts to construct non-commutative differential geometry [30, 31, 32, 33] 
and others [34, 35, 36, 37, 38, 39]. It would certainly be of interest to try to develop the boundary fermion 
formalism further to see if contact can be made with these ideas. 

The main achievement of the current paper is the supersymmetrisation of our action for bosonic branes. 
This was made much easier by the use of Bernstein-Leites integration; the action given here also has 
the virtue of being manifestly covariant under all of the relevant symmetries, with the exception of 
kappa-symmetry. However, the proof of the latter, as we have seen, is very similar to the proof of 
kappa-symmetry for a single brane. It is interesting to note that the kappa-symmetry parameter depends 
on the boundary fermions and thus becomes matrix-valued when they are quantised. This is in accord 
with the ideas of references [40, 41]. Other attempts to supersymmetrise non-abelian brane dynamics 
have usually assumed that there is a single kappa-symmetry. These include supersymmetric Born-Infeld 
actions [42, 43], studies of higher-derivative component actions in ten-dimensional Yang-Mills theory 
[44], investigations of TV = 4, D = 4 higher-order actions in superspace [45], N — 4, D = 4 terms 
from N = 1 supcrgraphs [46] and attempts to incorporate non-abelian terms in the superembedding 
formalism [47, 48]. There is a possible intermediate gauge choice we could make which would be to 
fix the non-abelian worldvolume coordinate and kappa-symmetries leaving one kappa-symmetry and one 
diffcomorphism intact; this could then lead to comparisons with the one- kappa approaches to the problem 
we have just mentioned. 
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